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OBLIQUE LONG WAVES ON BEACH AND INDUCED
LONGSHORE CURRENT
By Jin E. Zhang1 and Theodore Y. Wu2
ABSTRACT: This study considers the 3D runup of long waves on a uniform beach of constant or variable
downward slope that is connected to an open ocean of uniform depth. An inviscid linear long-wave theory is
applied to obtain the fundamental solution for a uniform train of sinusoidal waves obliquely incident upon a
uniform beach of variable downward slope without wave breaking. For waves at nearly grazing incidence, runup
is significant only for the waves in a set of eigenmodes being trapped within the beach at resonance with the
exterior ocean waves. Fourier synthesis is employed to analyze a solitary wave and a train of cnoidal waves
obliquely incident upon a sloping beach, with the nonlinear and dispersive effects neglected at this stage.
Comparison is made between the present theory and the ray theory to ascertain a criterion of validity. The wave-
induced longshore current is evaluated by finding the Stokes drift of the fluid particles carried by the momentum
of the waves obliquely incident upon a sloping beach. Currents of significant velocities are produced by waves
at incidence angels about 457 and by grazing waves trapped on the beach. Also explored are the effects of the
variable downward slope and curvature of a uniform beach on 3D runup and reflection of long waves.INTRODUCTION
Gravity waves and circulatory currents are of fundamental
importance in coastal dynamics. Surface gravity waves, either
wind generated locally or arriving at long-wave swells from a
distant storm and interacting with local beach topographies,
can give rise to a surf zone and drive the wave to run up on
the beach. At oblique incidence, the excess momentum of the
incoming waves can generate strong longshore currents that
can induce local sediment suspension and transport to form
sandbars. This natural phenomenon is quite complex and in-
tricate, involving a number of key physical parameters, dom-
inating its appearance in various forms in different parametric
domains. These problems have been investigated for simple
cases, mostly in plane flows, with differing hypothesis. The
state of the art, reflecting the underlying difficulties involved,
has led Galvin (1967) to conclude, rightfully, that, ‘‘A proven
prediction of longshore current velocity is not available.’’ This
situation has not advanced much in the intervening years.
Some plane problems of runup and reflection of waves in-
cident normally on a sloping beach have been investigated by
Carrier and Greenspan (1958), Carrier (1996), and Tuck and
Hwang (1972), based on Airy’s model. Numerical calculations
have been given by Pedersen and Gjevik (1983), using the
nonlinear dispersive long-wave model, and Kim et al. (1983),
based on the Euler model. For the case of 3D coastal dynam-
ics, Carrier and Noiseux (1983) evaluated the oblique runup
and reflection of long waves on a plane beach connected to
an open ocean based on linear long-wave theory, assuming that
the nonlinear and dispersion effects are negligible. With this
approach, one gains the advantage of providing a modal de-
scription of the resulting motion and of deriving a spectral
distribution of wave energy and its dependence on the key
parameters involved.
The present study is the first of a series of investigations of
the coastal physics related to the air-sea-land interactions.
Here, linear long-wave theory is adopted to evaluate oblique
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an open ocean upon a uniform beach having an arbitrary var-
iable downward slope, with the sloping plane beach as a spe-
cial case. The main objective is to have the first principles of
coastal physics well comprehended for this ideal case before
the additional effects of nonlinearity, dispersion, and dissipa-
tion (including wave breaking, bottom friction, wind stresses,
etc., as energy sources and sinks) are to be taken into account
in subsequent studies [see, e.g., Zhang (1996)].
In this paper, the fundamental solution is first sought in the
second section for modeling 3D refraction, reflection, and
runup of a train of sinusoidal waves obliquely incident upon
a uniform beach of variable slope. From this solution, the
runup of the waterline and its phase lag behind that of the
incident wave are deduced (in the second section), to yield
specific functions of the two key parameters, namely, the wave
incidence angle and the wave number scaled to the seaward
length of the beach. For the case of grazing incidence upon a
plane beach discussed in the fourth section, that is, when the
incident wave propagates nearly parallel to the uniform beach,
we obtain for the beach response a set of eigenmodes of low-
frequency coastal waves trapped on the beach. In the fifth sec-
tion, the solution for the oblique runup and reflection of a
solitary wave is obtained by making Fourier synthesis of the
fundamental solution, and similarly in the sixth section, for the
oblique runup of a train of cnoidal waves. These numerical
results afford a quantitative comparison with the ray theory,
as given in the seventh section, where the criterion of their
validity is sought. The longshore current induced by the bal-
ance of the mass-momentum transport of obliquely incident
waves is evaluated and predicted in the eighth section. These
results are further discussed and concluded in the ninth sec-
tion. The effect of variable vertical curvature of a uniform
beach is compared with a sloping plane beach concerning the
runup and reflection of obliquely incident waves.
OBLIQUE RUNUP OF SINUSOIDAL WAVES UPON
UNIFORM BEACH
We consider the specific case of 3D runup of long waves
obliquely incident upon a uniform beach of variable downward
slope, which is connected to an open ocean of uniform depth
h0 (Fig. 1), such that, in the horizontal x, y-plane
h(x), (0 # x # l, 2‘ < y < ‘)h = (1a)Hh , (x > l, h = const)0 0
h(0) = 0; h9(0) „ 0; h(l) = h (1b)0
FIG. 1. Sketch of Ocean Bathymetryand the depth z = 2h(x ) is a smooth, slowly varying function,
but is otherwise arbitrary. A train of waves is obliquely incom-
ing from the ocean and incident upon the beach, interacting
with the sloping beach, and reflected back to the ocean. The
waves are assumed to be sufficiently small and long compared
with h0, and the beach slope h9(x ) not exceedingly gradual, so
that the process can be assumed to go on without wave break-
ing or having any other energy sinks, such as bottom friction,
to affect wave reflection. [For a review on the criteria sepa-
rating the regimes with and without wave breaking, see, e.g.,
Mei (1983).] The problem is to determine accordingly the
wave motion in the flow field and the runup on the beach.
For this class of problems, an appropriate theoretical model
is the generalized Boussinesq equations (Wu 1979)
z 1 =? [(h 1 z)u] = 0 (2)t
2h h 2u 1 u ?=u 1 =z = =[=? (hu )] 2 = u (3)t t t2 6
where z = wave elevation above the undisturbed water surface
at z = 0; the time t in subscript denotes differentiation; u = (u,
v, 0) = depth-averaged horizontal flow velocity; and = = (›x,
›y, 0) = horizontal vector operator. Here, the length is scaled
by h0 and the time by (h0/g)1/2, g being the gravitational ac-
celeration. Its validity is based on the assumptions that
2a˜ = a/h << 1; e = (h /l) = O(a˜) (4a,b)0 0
for waves of typical amplitude a, length l on water of depth
h(x ) [see, e.g., Peregrine (1967), Whitham (1974), Miles
(1977, 1979), Wu (1981, 1994), and Teng and Wu (1992,
1994)]. It is on these scales that the effects of nonlinearity and
dispersion are accounted for in (2) and (3), jointly with the
net linear effects for this family of wave motion. These effects
are thought to be of importance, especially in a neighborhood
of the moving waterline where these effects are of comparable
significance.
In this paper, however, the two parameters and e are as-a˜
sumed to be so small that the nonlinear and dispersive effects
may be neglected, and the motion may be described by the
linear, nondispersive long-wave model
z 1 =? (hu) = 0 (5)t
u 1 =z = 0 (6)t
which are the linearized version of (2) and (3). The effects of
nonlinearity, dispersion, and dissipation are left to be exam-
ined in a subsequent work.
When elimination u, (5) and (6) can be combined to give(h(x)z ) 1 h(x)z 2 z = 0, (0 < x < l) (7a)x x yy tt
z 1 z 2 z = 0, (x > l) (7b)xx yy tt
To assure continuity and smoothness of solutions, we require
that
[z] = 0; [z ] = 0, (x = l) (8a,b)x
where [ f ] denotes the jump of f across x = l. In addition, we
further require z to be bounded at the waterline
uz(0, y, t)u < ‘ (8c)
In the open ocean, we have the incident and reflected waves
as
i(k y1k (x2l)2kt) i(k y2 k (x2l)2kt)2 1 2 1z = A(k)e 1 B(k)e (9a)
k = 2k cos b; k = k sin b (9b)1 2
where b = wave incidence angle between the incoming wave
vector k = (k1, k2) and the 2x-axis (Fig. 1); A = given ampli-
tude of the incident wave; B = unknown (complex) amplitude
of the reflected wave; and the real component of the complex
expression is meant for physical interpretation. Here, A can be
normalized to unity, but it will be retained for clarity.
For the region within the sloping beach (0 < x < l), the
wave evolved from the incident wave will assume the form
iksz(x, y, t) = h(x, s) = h(x)e , (0 < x < l) (10a)
where s = y sin b 2 t is the similarity variable between so-
lutions on the beach and the ocean, and h(x), by (7a), satisfies
the following equation:
2 2(h(x)h ) 1 k (1 2 h(x )sin b)h = 0 (10b)x x
Sloping Plane Beach
A special case of basic interest is the sloping plane beach
h(x ) = ax, (0 < x < l, al = h = 1) (11a)0
We recall that h0 = 1 for the length scale so that l = 1/a. For
this case (10b) becomes
2 21 2xh 1 h 1 k (a 2 x sin b)h = 0, (0 < x < l) (11b)xs x
This is the model equation adopted by Eckart (1951) and Car-
rier and Noiseux (1983). Using the transformation
2z/2h(x ) = e f (z); z = 2kx sin b (12a,b)
we obtain the Kummer equation for f (z)JOURNAL OF ENGINEERING MECHANICS / JULY 1999 / 813
z f 0 1 (b 2 z) f 9 2 af = 0 (13a)
where f 9(z) = df /dz
1
b = 1, a = (1 2 k csc b), k = kl (13b)
2
We note that in terms of k = kl and = x/l, the beach slopex
*
a (or the beach width l) is scaled out, leaving k and b as the
only two parameters. Eq. (13) has the general solution
f (z) = C M(a; b; z) 1 C U (a; b; z) (14)1 2
where C1 and C2 = coefficients; and M(a; b; z) and U(a; b; z)
= confluent hypergeometric functions (Abramowitz and Ste-
gun 1964)
‘
n 2a z a a zn 2M(a; b; z) = = 1 1 z 1 1 ??? (15a)O b n! b b 2!n 2n=0
p M(a; b; z)
U (a; b; z) = H
sin bp G(1 1 a 2 b)G(b)
M(1 1 a 2 b; 2 2 b; z)12b2 z JG(a)G(2 2 b) (15b)
n
a (a 1 j 2 1) = a(a 1 1)(a 1 2) ? ? ? (a 1 n 2 1) (15c)n P
j=1
and likewise for bn. Because U is logarithmically singular at
z = 0, we must have C2 = 0. Thus, from (10), (12), and (14),
we have for 0 < x < l, the solution
2k x1iks2z(x, s) = C(k)e M(a; 1; 2k x) (16)2
which has the derivative
2k x1iks2z = C(k)k e [M(a; 1; z) 2 (1 1 k csc b)M(a; 2; z)] (17)x 2
where k2 = k sin b and z = 2k2x, as before.
Now, application of the matching conditions [(8a) and (b)]
yields
2iD iDB(k) = A(k)e ; C(k) = A(k)R(k, b)e (18a)
2 2 21/2R(k, b) = 2(M 1 N ) ; D(k, b) = arg(M 1 iN ) (18b)0 0 0 0
2ksinbM (k, b) = e M(a; 1; 2k l), (k l = k sin b) (18c)0 2 2814 / JOURNAL OF ENGINEERING MECHANICS / JULY 19992ksinbN (k, b) = e [(1 1 k csc b)M(a; 2; 2k l)0 2
2 M(a; 1; 2k l)]tan b2 (18d )
This result shows that the incident waves are totally reflected,
with the coefficient uB/Au = 1, as should be expected because
the present solution has no wave energy sinks, such as wave
breaking, in the flow field. However, the reflected wave has a
phase lag 2D(k, b) due to the wave interaction with the beach
bathymetry. In the beach region, the resulting wave propagates
alongshore with a phase lag D(k, b), which is the algebraic
mean of the incident and reflected wave phases, and has the
relative runup R(k, b) on the beach. Here, the runup R(k, b)
on the beach is taken, after Keller (1961), as the wave height
at the waterline that is extrapolated horizontally to intercept
the sloping beach. In this manner, Keller found, for the 2D
case of plane waves running up a uniform sloping beach, the
somewhat surprising results that the nonlinear theory yields
the same wave amplification as the linear theory.
To exemplify the coastal dynamics for this simple beach-
ocean configuration, let us take b = 607 for the wave incidence
angle, and k = (21/l, (k = 2) to obtain a = 20.6547,3/l),ˇ
M0 = 20.4622, N0 = 0.2889, and hence, the runup and the
phase lag as
R = 3.670; D = 2.583 rad (19a,b)
As shown in Fig. 2, the perspective wave profile exhibits a
superposed pattern of the incident and reflected waves, which
induce a quite pronounced runup on the sloping beach, with
an amplitude ;3.670 times that of the incident wave.
Uniform Beach with Variable Downward Slope
Returning to the general case of a uniform beach of variable
slope, (10b) can be written as
1 1
h0 = p(x)h9 1 q(x)h = 0 (20a)2x x
where the prime denotes differentiation with respect to x, and
p(x) = xh9(x)/h(x) (20b)
12 2 2q(x) = k 2 sin b x (20c)S Dh(x)
We shall assume that p(x) and q(x) are analytic, regular in 0
# x # l, hence
‘ ‘
n np(x) = p (x/l) ; q(x) = q (x/l) (21a,b)n nO O
n=0 n=0FIG. 2. Wave Profile on Beach (0 < x/l < 1) and Sea (x/l > 1) for b = 60&, k = 2
Then x = 0 is a regular singular point. By Frobenius’ theory,
(20) has a solution of the form
‘
n1nh(x) = b (x/l) (22a)nO
n=0
where n satisfies the indicial equation
2n 1 (p 2 1)n 1 q = 0 (22b)0 0
which has two roots, n1 and n2 say, with n1 1 n2 = 1 2 p0,
n1n2 = q0. For the runup problem at hand, we are interested in
those beach slopes of h(x ) that make n1 = 0, otherwise, if n1
< 0, the runup of (22a) is singular at x = 0, and if n1 > 0, the
runup is zero, a case of no physical interest. The root of n1 =
0 requires that
q = 0 (23)0
which we shall assume to hold, as for beaches of constant
slope as discussed above. Under this condition, the other root
of (22b) is
n = 1 2 p (24)2 0
For beaches of the class (1b), p0 = 1, and so the indicial equa-
tion [(22b)] has a double root n1 = 0, n2 = 0, inferring that the
other solution is logarithmically singular at x = 0, as is the
case of the confluent hypergeometric function U(a, b, z) given
in (15b). This general property of n1 = n2 = 0 is seen to hold
for beaches whose slope at the waterline does not vanish, as
assumed. Accordingly, it follows that the solution for the case
of regular runup is of the form
‘
nh(x) = C (k)F(x; k, b) = C (k) b (x/l) (25)1 1 nO
n=0
where F(x; k, b) is a new special function, which is different
from the confluent hypergeometric function for the beach with
a variable slope, but reduces to the confluent hypergeometric
function for a sloping plane beach. b0 is set to be 1 by nor-
malization, so that F(0; k, b) = 1, and bn are determined by
the recurrence formula
n21
2n b = 2 (rp 1 q )b , (n = 1, 2, . . .) (26)n n2r n2r rO
r=0
Here, we observe that p0 = 1 and q0 = 0, as explained above.
Now, application of the matching conditions [(8a) and (b)]
determines the coefficients B(k) and C(k) as2iD (k,b)1B(k) = e A(k) (27a)
iD (k,b)1C (k) = R (k, b)e A(k) (27b)1 1
where
2 2 21/2R (k, b) = 2(M 1 N ) ; D (k, b) = arg(M 1 iN ) (28a)1 1 1 1 1 1
‘




N (k, b) = 2 F (l; k, b) = 2 nb (28c)1 x nOk cos b k cos b n=0
The runup function R1(k, b) gives the relative runup and the
phase function D1(k, b) the phase lag of the waves in the beach
region and the phase lag 2D1 for the waves reflected.
This series solution therefore provides the result to the gen-
eral family of a uniform beach with an arbitrary, variable
downward slope. In particular, for the beach of constant slope,
the function F(x; k, b) in (25) agrees with the previous solu-
tion M(a; b; 2k2x)exp(2k2x).
Fig. 3(a) shows the variation of the runup function R(k, b)
versus k = kl for waves incident upon the parabolic beach h(x)
= 2x/l 2 (x/l)2 and plane beach h(x) = x/l for a set of different
incidence angles b. Fig. 3(b) shows the variation of runup
function R(k, b = 0) at incidence angle b = 0 for different
parabolic beaches, h(x) = mx/l 1 (1 2 m)(x/l)2 and m = 0.6,
0.8, 1.0, 1.5, 2.0. The beach becomes a plane for m = 1.0.
These numerical results show that for the incidence angle up
to about b = 607, the runup on a parabolic beach is increased,
or decreased, relative to the plane beach, as m is decreased (m
< 1, more concave downward), or increased (m > 1, more
concave upward) from m = 1. Within this range of b, the runup
appears to be heavily weighted by the beach slope near the
waterline such that, roughly, as a rule, the parabolic beach
runup can be estimated by that on a plane beach tangential to
the parabola at the waterline. For greater values of b, espe-
cially near the grazing angle of b = 907, the runup function R
remains small except near a set of eigenvalues of k, as ex-
emplified by the case of b = 897 shown here and as discussed
in detail in the fourth section of this paper. These eigenvalues
are shown to depend on the beach slope and curvature.
NORMAL WAVE INCIDENCE
For waves at normal incidence upon a uniform plane beach,
b = 0, we make use of the following limit [Abramowitz and
Stegun 1964 (13.3.2)]FIG. 3. (a) Variation of Runup Function R(k, b) with Increasing k = kl. ——, for Parabolic Beach h(x) = 2x/l 2 (x/l )2; – – –, for Plane
Beach h(x) = x/l, at Incidence Angle b = 0&, 45&, and 89&. (b) Variation of Runup Function R(k, b = 0) with Increasing k = kl for Parabolic
Beaches, h(x) = mx/l 1 (1 2 m)(x/l )2, m = 0.6, 0.8, 1.0, 1.5, and 2.0 (See Inset)JOURNAL OF ENGINEERING MECHANICS / JULY 1999 / 815
(12b)/2lim M(a; b; 2z/a) = G(b)z J (2 z) (29)ˇb21
uau ‘
fi
where Jn(z) = Bessel function of the first kind, obtaining
1
lim M (1 2 k csc b); 1; 2k x = J (2k lx) (30a)ˇ2 0S D2b 0
fi
1 2 1/2lim M (1 2 k csc b); 2; 2k x = J (2k lx)/(k lx) (30b)ˇ2 1S D2b o
fi
Thereby we have
M = J (2k), N = J (2k), (k = kl) (30c)0 0 0 1
and hence with s = y sin b 2 t = 2t, the wave system has
the pattern
2ik(x2l1t) ik(x2l2t)12D0A[e 1 e ], (x > L)
z(x, t) = (31a,b)2ikt1iDH 0AR (k)e J (2k lx), (0 < x < l)ˇ0 0
where
2 2 21/2R (k) = 2[J (2k) 1 J (2k)] (32a)0 0 1
D (k) = arg(J (2k) 1 iJ (2k)) (32b)0 0 1
which are the runup and phase-lag functions of the 2D waves
at normal incidence on the sloping beach.
As a numerical example, we take k = 2 and A(k) = 1, then
R (k) = 4.968; D (k) = 3.306 rad (33a,b)0 0
The corresponding wave profile, as shown in Fig. 4, displays
a pattern with the specified phase lag and a runup, which is
somewhat greater than in the previous case of b = 607, by a
margin of ;35%.
GRAZING INCIDENCE: EDGE WAVES
As the incidence angle b tends to p/2 (or 2p/2), the in-
coming waves become nearly alongshore. This limit turns out
to be of particular significance, which we now consider for
the case of sloping plane beach. In this limit, the general so-
lution becomes
2iD iksgA[1 1 e ]e , (x > l)
z(x, s) = 2kx1i(ks1DH )gz(x, s) = AR (k)e M(a; 1; 2kx), (0 < x < l)g
(34a,b)
where the runup coefficient Rg(k) and phase lag Dg(k) are
given by the limit of (18a)–(18d) as b fi p/2, k2 fi k. In this816 / JOURNAL OF ENGINEERING MECHANICS / JULY 1999limit, we see from (18d) that tan b fi ‘, with N0 either be-
coming unbounded for arbitrary k or vanishing like (p/2 2 b)
for certain eigenvalues of k, because as easily seen, there are
no values of k for which N0 has a finite, nonzero limit as b
fi p/2. In the first case, i.e., with k arbitrary, we find that z
fi 0 for all x > 0, (because N0 fi ‘), which is of no interest.
The only nontrivial case is therefore for certain k = kn, k = kn
= knl, such that
N (k , b fi p/2) = 0, (n = 1, 2, . . .) (35)0 n
This condition further implies [by (18b)] that D(k, b) = 0,
signifying that the reflected wave and the edge wave on the
beach are both in phase with the incident wave. Under this
condition, the first several kn have been calculated by applying
the code of Mathematica to give
k = k l = 2.5337, 4.5788, 6.5986, 8.6101,n n
10.6177, 12.6232, 14.6274, . . . (36)
which seems to suggest the relation that
lim (k 2 k ) = 2 (37a)n11 n
n ‘
fi
Indeed, if we let l/h0 fi ‘ for fixed h = ax, our problem
becomes that of edge waves on an infinite sloping plane, for
which case we obtain the eigenvalues for the trapped wave
modes
1
k = 2n 1 (37b)n 2
from the limit of N0(kn, b), as b fi p/2, given later by (55b)
asymptotically for k >> 1 while satisfying (35), so that kn11
2 kn = 2 for all n. With k = kn given by (36), the solution
may be written as
ik s/ln2Ae , (x > l)
z(x, s) = 1 2 k xn2k (x2 is)/lH nAR (k )e M ; 1; 2k , (0 < x < l)g n nS D2 l
(38a,b)
1 2 knknR (k ) = 2e M ; 1; 2k (38c)g n nYU S DU2
In this case, the wave pattern in the open ocean is that of the
simple harmonic waves propagating along the shore and is
connected to a longshore edge wave along the inclined beach
with no phase lag. The runup of the kn-mode wave is just
Rg(kn) of (38c). As an example, we take k1 = 2.5337 and A =
1, and then a = 0.7668, giving a quite pronounced runup ofFIG. 4. Perspective Wave Profile on Beach and in Ocean for Normal Incidence at b = 0& and Wave Number k = 2
FIG. 5. Perspective Wave Profile on Beach and Sea for Grazing incidence at b = 90& for k = 2.5337
FIG. 6. Variation of Runup Function R(k, b) with k = kl = kh0 /a. ——, for List of b Indicated; – – –, Asymptotic Formula [Eq. (55c)]R (k ) = 4.061 (39)g 1
The corresponding wave profile is shown in Fig. 5.
We note that on this linear theory new solutions can be
constructed by linear superposition of the above solutions cor-
responding to different eigenmodes of n = 1, 2, . . . . .k9s,n
In general, the runup function R(k, b) and the phase lag
D(k, b) are functions of k and the incidence angle b. In Fig.
6, R is shown versus k for eight values of b, as listed. For b
not too close to the grazing angle, for example, b < 607, R
increases with increasing k from the value of R(0, b) = 2 at
k = 0, with some slight undulations as shown in Fig. 6. Within
the grazing incidence range, b > 857, we find the remarkable
feature that R remains small except in a narrowband of k cen-
tered about the eigenvalues k = kn, n = 1, 2, . . . , as illustrated
in Fig. 6. These eigenvalues also mark the narrowband in
which the phase angle D(k, b) jumps by p, as shown in Fig.
7.
It is of basic interest to examine the mechanism underlying
the phenomenon of the rapid rise-and-fall of the runup func-
tion R as k varies across the eigenvalue kn within the grazing
incidence range. The underlying mechanism is discovered by
observing that from (17) and (18d), the condition of N0(kn) =
0 with b = p/2 implies zx = 0 at x = l, which further infers,
because of (6), that the beach-ocean interface at x = l will
remain as a fixed vertical plane as long as k is kept at k = kn,because by (6), the normal velocity u = 0 at x = l for all t.
Physically, this indicates that the waves within the beach re-
gion bounded by x = 0 and x = l planes may be regarded as
being trapped, and being held at resonance by the exterior
pressure field of the waves at grazing incidence.
OBLIQUE REFLECTION OF SOLITARY WAVES FROM
SLOPING BEACH
To simulate approximately the reflection of a solitary wave
obliquely incident on a sloping beach, we shall adopt the pres-
ent linear theory and utilize Fourier synthesis to construct the
desired solution. In other words, we shall take account of sol-
itary waves only to satisfy the linear long-wave equations [(7a)
and (7b)], leaving the effects of nonlinearity and dispersion on
oblique wave runup and reflection for further studies. For sim-
plicity, we shall confine the present analysis to the case of
sloping plane beach and give some discussion on the general
case of beaches with arbitrary slope.
Suppose we have in the open ocean a solitary wave
3a02z (x, s) = a sech [s 2 (x 2 l)cos b], (x > l) (40)0 0 ˛ 4
which is incoming at incidence angle b toward the inclined
beach of uniform slope a. With the time properly rescaled inJOURNAL OF ENGINEERING MECHANICS / JULY 1999 / 817
FIG. 7. Variation of Phase Lag Function D(k, b) with k = kl = kh0/a. ——, for b = 0&, 45&, and 89&; – – –, Asymptotic Formula [Eq. (55d)](7) and (40), this wave is a well-known solution of the Kor-
teweg-de Vries (KdV) equation
3 2
z 1 z 1 zz 1 z = 0, (x9 = 2x cos b 1 y sin b)9 9 9 9 9t x x x x x2 6
(41)
when the nonlinear and dispersive effects are operating in ac-
cordance with (4). But with the nonlinear and dispersive ef-
fects both neglected at this stage, the solitary wave (40) also
satisfies (7b) in the open ocean where it can assume the Fou-
rier integral form as [see, e.g., Erdelyi (1954)]
‘
ik[s2(x2l)cos b]z (x, s) = Re A (k)e dk, (x > l) (42a)0 0E
0
4 pk
A (k) = k csch (42b)0 S D3 3aˇ 0
where Re denotes ‘‘the real part of.’’ Therefore, by Fourier
synthesis of the simple harmonic wave solutions (16)–(18),
we obtain for the reflected solitary wave the solution
‘
ik[s1(x2l)cos b]12iDz (x, s) = Re A (k)e dk, (x > l) (43)r 0E
0
so that
z(x, s) = z (x, s) 1 z (x, s), (x > l) (44)0 r
And for the longshore wave we have the integral expression,
for 0 < x < l
‘
2k x1i(ks1D)2z(x, s) = Re A (k)R(k, b)e M(a; b; 2k x) dk (45)0 2E
0
where k2 = k sin b as before, R(k, b) and D(k, b) are given
by (18).
For the case of normal incidence, b = 0, we have
‘
2ik(x2l1t)z (x, t) = Re A (k)e dk, (x > l) (46a)0 0E
0
‘
i[k(x2l2t)12D ]0z (x, t) = Re A (k)e dk, (x > l) (46b)r 0E
0
‘
2ikt1iD0z(x, t) = Re A (k)R (k)e J (2k lx) dk, (0 < x < l)ˇ0 0 0E
0
(46c)
818 / JOURNAL OF ENGINEERING MECHANICS / JULY 1999where A0(k) is again given by (42b), and R0(k) and D0(k) by
(32).
For this case of normal incidence, we present the following
numerical results with b = 0, a0 = 0.1, and a21 = 1, 2, 3, 4,
5, 6 for increasingly smaller slopes of the beach. The wave
profiles are numerically integrated from (46a)–(46c) and are
shown in Fig. 8 for z(0, t) at x = 0 and in Fig. 9 for the
reflected wave zr(l, t) at x = l, both versus time t. It is of
interest to note that at the waterline, the runup increases mon-
otonically with decreasing a (<1) and there appears, after
reaching the maximum runup, a negative rundown on the
beach whose magnitude also increases with decreasing a. The
increasing rundown is evidently playing an active role in re-
sulting in an increasing departure from the fore-and-aft sym-
metry for the reflected wave, as depicted in Fig. 9, while giv-
ing rise to a dipped tail with its magnitude increasing with
decreasing a.
For the oblique incidence of a (linear) solitary wave, we
take a = 1/5 for the beach slope, a0 = 0.1 for the incoming
wave amplitude and obtain the numerical results of the wave
elevation z(0, 0, t) at x = 0, y = 0 as shown in Fig. 10 for
incidence angle b = 07, 457, 607, 757, and 857. Here we note
that the variation of the waterline position with decreasing b
and fixed a has a similar feature as that shown in Fig. 8 for
z with decreasing a and fixed b (=0).
OBLIQUE REFLECTION OF CNOIDAL WAVES FROM
SLOPING BEACH
Another solution of the KdV equation [(41)] is the cnoidal
wave (Whitham 1974)
2z = a cn (uum) (47a)1
3a1
u = k(x 2 ct), k = (47b)˛ 24mh0
a1
c = c 1 1 a 2 , (c = gh ) (47c)ˇ0 1 0 0S D2m
which is a periodic nonlinear wave for a1 > 0 and 0 # m #
1, of wavelength
1
2 2 2 2 21/2l = K(m) = [(1 2 t )(1 2 mt )] dt (47d)Ek k 0
where m = free parameter; and K(m) = complete elliptic in-
tegral of the first kind.
FIG. 8. Time Records of Runup, at x = 0, of Solitary Wave with a0 = 0.1 at Normal Incidence (b = 0&) on Sloping Beach for 1/a = 1, 2, 3,
4, 5, and 6
FIG. 9. Time Records of Reflected Wave zr at x = l, from Incoming Solitary Wave with a0 = 0.1 at Normal Incidence (b = 0&) on Sloping
Beach for 1/a = 1, 3, and 5
FIG. 10. Time Records of Oblique Runup, Taken at x = 0 and y = 0, of Solitary Wave with a0 = 0.1 on Beach with Slope a = 1/5 at Inci-
dence Angle b = 0&, 45&, 60&, 75&, and 85&JOURNAL OF ENGINEERING MECHANICS / JULY 1999 / 819
To evaluate the reflection of an infinite train of cnoidal
waves obliquely incident upon the uniform sloping beach on
linear theory, we again adopt (7a) and (7b), with proper res-
caling of t, and make use of the Fourier synthesis (Abramowitz
and Stegun 1964, p. 575)
‘
cn(u um) = a cos nv (48a)0 nO
n=0
pu 3a0 1v = , u = k (s 2 (x 2 l)cos b), k = (48b)0 0 0 ˛2K(m) 4m
np(1 2 (21) ) p K9(m)
a = sech(nb), b = ,n 2 mK(m) 2 K(m)ˇ
K9(m) = K(1 2 m) (48c)
With this Fourier expansion, (47) gives
‘ ‘




1 p 3a1b = a a ; k = (49b)n n1j n2jO ˛2 K(m) 4mj=2‘
Thus, by Fourier synthesis, we have the reflected waves as
‘
ink[s1(x2l)cos b]12iDz (x, s) = Re a b e (50)r 1 nO
n=0
so that
z(x, s) = z (x, s) 1 z (x, s), (x > l) (51)0 r
And for the longshore wave we obtain, for 0 < x < l
‘
2nk x1i(nks1D)2z(x, s) = Re a b R (nkl, b)e M(a; 1; 2nk x) (52)1 n 2O
n=0
where the phase lag D has the arguments D = D(nkl, b).
As as numerical example, Fig. 11 shows the main features
of the incident wave z0 and the reflected wave zr in the open
ocean (x > l) for the case of uniform plane beach of length l
= 5, with the wave-incident angle of b = p/4, for an incident
cnoidal wave of amplitude a1 = 0.1 and characterized by the820 / JOURNAL OF ENGINEERING MECHANICS / JULY 1999parameter m = 0.99. The runup z(0, 0, t) at x = 0 and y = 0
is also shown in Fig. 11; it increases to a height of 0.32 and
falls, slightly faster than in rising, to a negative level of about
20.1, describing the rundown along the beach. Both the re-
flected and longshore waves exhibit marked skewness over the
wave period. These main features are seen to resemble those
of a solitary wave obliquely incident upon the beach for nearly
equal wave amplitude and incidence angle, as can be seen by
comparison with Fig. 10.
BEACH OF MILD SLOPE–COMPARISON WITH RAY
THEORY
It is of fundamental interest to compare the present beach
wave theory with the classical ray theory. The premise com-
mon to both is based on the geometric wave approximation
assuming slow variations of water depth and wavelength based
on the wave scale, which is supposed to be very small by the
beach scale, i.e.
ud(log kh)/dxu << 1, k = kl >> 1 (53)
Accordingly, we seek the asymptotic expansion of M(a; b; z)
for uau and z (both large), so that with 2b 2 4a > z >> 1 and
cos2u = z/(2b 2 4a) [Abramowitz and Stegun (1964), after the
misprints are corrected in the formula 13.5.21]
2 12bM(a; b; z) = G(b)exp[(b 2 2a)cos u][(b 2 2a)cos u]
21/2
1 1
? p b 2 a sin 2u sin ap 1 b 2 aF S D G H F S D2 2
21
1 1
? (2u 2 sin 2u) 1 p 1 O b 2 aG SU U DJ4 2 (54)
For a train of sinusoidal waves obliquely incident on a plane
beach of very mild slope [see (53)], we proceed with using
asymptotic formula (54) and some algebra to obtain
2k sin bM (k, b) = e M(a; 1; 2k sin b)0
p21/2
= (pk cos b) cos (b csc b 1 cos b)k 2F G4
1211 O(k ), a = (1 2 k csc b)
2 (55a)FIG. 11. Incident Wave z0, Reflected Wave zr x = l, and Runup at x = 0 and y = 0 of Train of Cnoidal Waves with a1 = 0.1 and m = 0.99 at
Incidence Angle b = 45& upon Beach of Slope a = 1/5
2k sin bN (k, b) = e [(1 1 k csc b)M(a; 2; 2k sin b)0
21/22 M(a; 1; 2k sin b)] tan b = (pk cos b)
p 21?sin (b csc b 1 cos b)k 2 1 O(k )F G4 (55b)
2 2 21/2 1/2 21R(k, b) = 2(M 1 N ) = 2(pk cos b) 1 O(k ) (55c)0 0
p 21D(k, b) = arg(M 1 iN ) = (b csc b 1 cos b)k 2 1 O(k )0 0 4
(55d)
With these asymptotic formulas of oblique runup and phase
lag for sinusoidal waves, incident upon a plane beach with
mild slope, the wave elevation becomes
z(x, s) = h(x)cos(ks 1 D), s = y sin b 2 t (56a)
h(x) = 2A cos[kx cos b 2 k cos b 1 D(k, b)]0
p 21
= 2A cos kx cos b 1 kb csc b 2 1 O(k ), (x > l)0 F G4
2kx sin bh(x) = A R(k, b)e M(a; 1; 2kx sin b)0
p 21
= 2A(x)cos u(x) 2 1 O(k ), (0 < x < l)S D4 (56b)
21/4
x x1/2 2A(x) = A (cos b) 1 2 sin b (56c)0 F S DGl l
x x x 2u(x) = k csc b arcsin sin b 1 k 1 2 sin bS˛ D ˛ S Dl l l
(56d)
On the beach, 0 < x < l, z(x, y, t) can be written as
z(x, y, t) = A(x)cos(S (x, y, t)) 1 A(x)cos(S (x, y, t)) (57a)i r
S (x, y, t) = 2u(x) 1 ky sin b 2 kt 1 k(b csc b 1 cos b)i
(57b)
p
S (x, y, t) = u(x) 1 ky sin b 2 kt 1 k(b csc b 1 cos b) 2r 2
(57c)
where Si and Sr = phase functions of the incident and reflected
waves, respectively.
From the ray theory [e.g., Whitham (1974)], on the beach
the incident wave assumes the form zi(x, y, t) = A(x)exp[iS(x,
y, t)], with
›S ›S ›S2 2k = = 2 k 2 k ; k = = const; v = 2 (58a)ˇ1 b 2 2
›x ›y ›t
where the circular frequency v = = = constk h(x) k x/lˇ ˇb b
(=k), kb = = is the wave number on the2 2k l/x k 1 kˇ 1ˇ 2
beach, and k2 = const by virture of ›v/›y = 0. After integrating
the equations in (58a), we obtain the phase function S = S(x,
y, t) to be exactly the same ast Si(x, y, t) in (57b). After inte-
grating the equation dy/dx = k2/k1, we obtain the ray trajectory
of the incident waves as
l x x 2y 2 y = sin b 1 2 sin b0 F ˛2 S Dsin b l l
x
2 arcsin sin b 2 sin b cos b 1 bS˛ D Gl (58b)
where y = y0 at x = l. Following the ray, we can compute the
wave amplitude by the formula1/2 1/2
A(x) (c ) ds 1 cos bg 0 0
= = (59)F G F GA c ds x/l k /k (x)0 g 1 bˇ
where ds = width of a ray filament, and ds0 its value at x =
l. For our linear nondispersive model, cg = c = on thex/lˇ
beach. One can easily find that A(x) given by (59) is the same
as that of (56c). Thus, the ray theory gives the incident wave
on the beach as
z (x, y, t) = A(x)cos(S (x, y, t)) (60)i i
This result of ray theory is based on the geometric wave
approximation [(53)], and is supposed to hold for all angles
of incidence. However, it only covers the incident wave be-
cause the ray theory by itself is incapable of predicting the
reflected wave. The reason is because the ray theory does not
possess the detailed structures in the solution required for sat-
isfying the boundary condition at the seabed effecting the re-
fraction and reflection of the waves. In contrast, the present
linear theory in its comprehensive form (without further ex-
pansion) predicts the resultant motion, which is finite up to
the waterline, but is not explicit in separating the incoming
and reflected waves. Only when the asymptotic ray expansion
is acquired from the linear solution do we have the incoming
and reflected waves separated. Note that the expansion is not
uniformly valid because the wave amplitude diverges like
as x fi 0. It is in this asymptotic expansion of the linear21/4x
solution that the ray theory is found in complete agreement
with the incident wave component of the expansion, as indi-
cated by (56a), (57a), and (60). We further note that the ray
theory cannot predict the runup because it is singular at the
waterline.
Fig. 12 shows h as a function of x/l for A0 = 1, in which
Fig. 12(a) is for b = 457 and k = 0.5, 2, 5, and 10; and Fig.
12(b) is for k = 10 and b = 07, 307, 607, 707, 807, and 897.
The results of this comparative study show that under condi-
tion (53), the asymptotic expansion is in excellent agreement
with the linear theory for k > 2 and b < 607, except in a small
neighborhood of waterline with 0 < x/l < 0.02, and become
poorer for smaller k and larger b. The first of Fig. 12(a) dem-
onstrates the margin of departure of the asymptotic expansion
from the linear theory at a k as small as k = 0.5. The dis-
crepancy between the linear theory and its ray expansion be-
comes greater, the closer the incidence angle b approaches the
grazing limit of 907, this being apparently due to the singular
behavior of the trapped modes of waves at resonance. These
comparative results therefore imply that the criteria of validity
for the ray theory will be the same as that of the asymptotic
expansion because of the complete agreement between the two
on the incident component of the wave system. These are the
new conspicuous features that now qualify the ray theory.
Fig. 13 shows the phase lines of incident and reflected
waves for Si = 22p, 0, 2p, 4p, 6p, and 8p; Sr = 4p, 6p, 8p,
10p, 12p, and 14p; and the incident and reflected rays for k
= 10 and b = 607. It is of interest to note that at the waterline,
the reflected wave actually has a phase lead given by (57a) as
S (0, y, t) 2 S (0, y, t) = 2p/2 (61)r i
as shown in the inset of Fig. 13. Physically, this phase lead
indicates that the incoming wave, being long, feels the bottom
early and continues to undergo the reflection process before
reaching the waterline.
WAVE-INDUCED LONGSHORE CURRENT
According to the present linear long-wave approximation,
the horizontal projection of the pathline of a fluid particle is
given by the integralJOURNAL OF ENGINEERING MECHANICS / JULY 1999 / 821
FIG. 12. Variations of Wave Elevation h over Range of x/l for A = 1: (a) b = 45&, k = 0.5, 2, 5, and 10; (b) k = 10, b = 0&, 30&, 60&, 70&, 80&,
and 89&. ——, Present Theory; – – –, Asymptotic Formula [Eq. (56b)]
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FIG. 13. ——, Phase Lines of Incident and Reflected Waves for Si = 22p, 0, 2p, 4p, 6p, and 8p, Sr = 4p, 6p, 8p, 10p, 12p, and 14p.
– – –, Incident and Reflected Ray Tracks For k = 10 and b = 60&. Phase Lag between Incident Wave (Point I ) and Reflected Wave (Point
R) at x = 0 Is p/2 [Eq. (61)], i.e., yR 2 yI = p/(2k2)t
x(j, t) = j 1 u (j, t) dt (62a)LE
0
where j = x(j, t = 0) = initial position of the fluid particle at
x = (x, y, t) at time t; and uL(j, t ) = (uL, vL, 0) = Lagrangian
particle velocity, projected onto a horizontal plane, of the par-
ticle designated by j = (j1, j2, 0). The Lagrangian drift velocity
is related to the Eulerian field velocity u(x, t) for small Dj =
x 2 j, by
t
2u (j, t) = u(x, t) = u(j, t) 1 u(j, t) dt ?=u(j, t) 1 O(Dj)L SE D
0
(62b)
For the case of a uniform beach, with z expressed as in
(10a), the integration of (6) yields
1
u = (u, v, 0) = z , z sin b, 0 , (0 < x < ‘) (63)xS Dik
To obtain the time average of uL, use may be made of the
theorem that if f = aeivt, a and b being complex constants, then1(Re f )(Re g) = Re( fg*) (64)
2
where the overhead bar denotes the time average, and * in-
dicates the complex conjugate. The mean current velocity is
thus found from (62)–(64) to have the x-component as
1 1 1
u (x) = Re u u* 1 u v*L x yH S D S DJ2 ik ik
1 1 2
= Im h h* 1 h h*sin b = 0xx x xH J22k k (65)
which vanishes because the quantity in the bracket is purely
real in view of using (9) for x > l and (10) for 0 < x < l. The
longshore (y-component) current has the mean
1 1 1
v (x) = Re v u* 1 v v*L x yH S D S DJ2 ik ik
1 1 2 2 2
= uh u 1 uhu sin b sin bxS D22 k (66)
which is positive definite for 0 < b < p/2 unless uhu2 = 0, andJOURNAL OF ENGINEERING MECHANICS / JULY 1999 / 823
FIG. 14. (a) Variation of h, hx, Mean Longshore Current and Longshore Discharge Flux q = , with Shore Distance x/l, for b = 30&,v hvL L
A0 = 1, and k = 2; (b) Distributions of Mean Longshore Current over Shore Distance x/l, for A0 = 1, k = 2, and g = 10&, 20&, and 45&vL
FIG. 15. Variation of Mean Longshore Current at Waterline with Increasing k for Different b. – – –, Asymptotic Formula [Eq. (67b)]vLis symmetric about b = 0. This formula holds for the general
case of uniform beach of arbitrary downward slope.
At waterline x = 0 of a sloping plane beach, the use of (10),
(18), (55), and (66) yields the current velocity
1 2 2 2 2v (x = 0; k, b)) = A R (k 1 sin b)sin b (67a)L 02
where R = R(k, b) is the relative runup as before. For large
k, substituting the expansion (55c) for R in (67a) yields
2 3 3/2v (0; k, b)) = A pk sin 2b 1 O(k ) (67b)L 0
This asymptotic limit shows that increases like k3 for kv (0)L
large and reaches, for k fixed, its maximum at b = 457. For
the open ocean, x > l, the use of (9) in (66) yields the result
2v = A sin b{1 2 cos 2b cos 2[k(x 2 l)cos b 1 D]} (67c)L 0
to which the incident and reflected waves each contributes
one-half of the total. For a sloping plane beach, the mean drift
velocity can be calculated from (66), with h given by (16) and
hx by (17).
As a typical example, Fig. 14(a) shows the variations of h,
hx, mean longshore current and the longshore dischargev ,L
flux q = with increasing shore distance x/l, for the casehv ,L824 / JOURNAL OF ENGINEERING MECHANICS / JULY 1999with b = 307, A0 = 1, and k = 2. The longshore current in-
creases shoreward quite rapidly to 23.86 at the shoreline,
whereas the longshore mass flux has a maximum of 1.867 at
x/l = 0.205. Fig. 14(b) shows the variations of the mean long-
shore current with increasing shore distance x/l, for A0 = 1,vL
k = 2, and b = 107, 207, and 457. Figs. 15(a and b) show the
variation of mean longshore current function (x = 0; k, b)vL
at the waterline with increasing k for different b. From these
results we see that the longshore current velocity on the beach
increases with b, for fixed k, up to about b = 457, andvL
within this range of b, increases with k like k3. In the range
457 < b < 907, the outstanding feature is that is dominatedvL
by the eigenmodes of the trapped waves.
For a fluid particle, initially at (x0, 2D/k2), its trajectory
(x(t), y(t)) satisfies the following equations:
dx 1
= h sin[k(y sin b 2 t) 1 D] (68a)xdt k
dy
= h sin b cos[k(y sin b 2 t) 1 D] (68b)
dt
x(0) = x ; y(0) = 2D/k (68c)0 2
Numerical results of pathlines are obtained by integrating (68)
for k = 0.5, b = 607, l = 4, and A = 0.05, on the beach
FIG. 16. Horizontal Projections of Pathlines of Water Particles at Different Places on Beach and in Ocean, for a = 1/4, b = 60&,
k = 0.5, and A = 0.05. These Tracks Are Pathlines Traversed by Water Particles in Five Time Periods Except for One at Waterline that
Covers Only about Two Periods2 3x/4ˇh(x) = x, h(x) = 0.1835e M(20.6547, 1, 3x/2),ˇ
(0 < x < l) (69a)
and in the sea, with
h(x) = 1, h(x) = 0.1 cos(0.5x 1 0.583), (x > l) (69b)
Fig. 16 shows the horizontal projection of several trajecto-
ries of water particles at different places on the beach and in
the sea, for a = 1/4, b = 607, k = 0.5, and A = 0.05. This
figure shows clearly how the coiling of pathlines traversed by
fluid particles becomes increasingly stretched out in both long-
shore and seaward directions as the longshore current is am-
plified toward the waterline. This varying pattern of pathlines
is thought to play a basic role in the processes of sand sus-
pension and sandbar formation.
CONCLUSIONS
In this study linear long-wave theory has been applied to
obtain the fundamental solution for a uniform train of sinu-
soidal ocean waves obliquely incident upon a uniform beach
of variable downward slope. This fundamental solution is ap-
plied with Fourier synthesis to obtain analytical solutions to
several problems including oblique reflections of solitary
waves and cnoidal waves by sloping beaches, bringing forth
salient features of the wave field regarding the effects of wave
incidence angle and variable slope and curvature of a uniform
beach.
An outstanding feature of the solution is the trapping of
waves over a sloping beach that arises when the incident wave
becomes grazing to the coast and with the wave number falling
in a spectrum of eigenvalues characterizing the system at res-
onance. This is a variation of the phenomenon previously
found by Eckart (1951) for the edge waves on an infinite slope
as the seafloor. The impact of this phenomenon upon coastal
environmental quality is not yet in focus, but its effects should
be of interest on coastal ocean circulation and long-term in-
teractions between ocean and land.
Under the asymptotic limit admitting ray theory, the same
asymptotic expansion of the present solution based on beach
wave theory provides a solution, in closed form, describing
the refraction and amplification of both the obliquely incident
wave on water of variable depth and the reflected wave as
well as the phase shift of the latter upon reflection. By com-
parison, this result has established a criterion (given in theeighth section of this paper), under which the classical ray
theory is found to be in excellent agreement with the asymp-
totic linear theory in predicting the evolution of the incident
wave, and beyond which the ray theory becomes poor. The
prediction of wave reflection and phase shift generally requires
certain detailed structures of the solution for satisfying the spe-
cific boundary conditions, which the ray theory lacks.
The longshore current occurring in nature is a very com-
plicated phenomenon. The present result is basically built on
the Stokes drift of the water resulting from the waves
obliquely incident upon a uniform sloping beach, without
wave breaking and dissipation. [For a review on the criteria
separating the regimes with and without wave breaking, see,
e.g., Mei (1983).] The remarkable magnitude of the longshore
current predicted here for the incidence angles near the opti-
mum obliquity and for the eigenmodes seem to have not been
presented explicitly in the past. For the regime without wave
breaking, these current speeds may be regarded to give an
upper limit that would be reduced when they are modified by
the viscous effects involved. In the presence of wave breaking,
various formulas for evaluating longshore currents have been
proposed [e.g., Longuet-Higgins and Stewart (1962)], for pre-
dicting the current velocity across the surf zone based on the
radiation stress concept, and by others proposing modifications
of the model. It should be of interest to extend the present
theory to cover these general cases.
Improvement of the present theory can be attained by in-
cluding the effects of nonlinearity, dispersion, and dissipation
that has so far been neglected, because these effects become
significant at least in a neighborhood of the moving waterline
where the water depth vanishes. An estimate of the importance
of these effects on runup of waves can be inferred by the
finding of J. B. Keller (1961) that, for the case of normal
incidence of periodic waves on a sloping beach, the nonlinear
theory yields the same amplification as the linear theory. This
lends support to justifying that linear runup theory has validity,
even though it cannot predict, equally accurately as a nonlinear
theory, the transient wave profiles near the moving waterline
and the time for reaching maximum runup. It is of great in-
terest to find if the same implications can be said about the
general case with the oblique incidence of waves upon beaches
horizontally curved in configuration approaching the nature.
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